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In this work, we derive a three-dimensional effective mass that is suitable for treatment of
electrons in anisotropic semiconductors. We show that it is possible to define a scalar anisotropic
three-dimensional mass that reduces to a one-dimensional definition for isotropic materials. We
extend the effective mass definition and apply it to electrons in non-parabolic semiconductors and
demonstrate that the effective mass is generally dependent on particle energy. Finally, we show
that the proposed definition of the effective mass is compatible with the experimentally measured
cyclotron mass in isotropic materials while leading to a more accurate result in anisotropic
semiconductors.
I. INTRODUCTION
Recently, we presented a one-dimensional theoretical
definition of the effective mass [1] and [2]. We applied this
definition to isotropic three-dimensional semiconductor
materials and free relativistic particles [3]. In this paper,
we would like to propose a three-dimensional definition
of the effective mass that can be applied to electrons in
both isotropic and anisotropic materials. We extend the
definition of the effective mass to non-parabolic semicon-
ductor materials where the dispersion relation is given
by the simplified Kane model [4], [5]. Finally, we show
that the cyclotron mass measured in semiconductors [4],
[6] can be considered an approximation of the anisotropic
mass defined here.
II. DEFINITION OF ANISOTROPIC MASS
Previously, we obtained a one-dimensional definition
of the effective mass by a semi-classical association of
particles with wave-packets.
We identify the particle momentum with the crystal
momentum p = ~k and associate particle velocity v with
the group velocity of the wave-packet.
v ≃ ∂E
∂p
. (1)
The effective mass appears as a proportionality factor
between the particle momentum and the group velocity
of the wave-packet
p ≃ mv . (2)
Based on equations (1) and (2) we define the effective
mass in one dimension as
m =
p
v
=
p
∂E/∂p
. (3)
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The most general three-dimensional relationship be-
tween particle momentum and velocity based on (2) can
be written in the form:
pi ≃ mijvj , (4)
where mij is the effective mass tensor and pi and vj are
components of the three-dimensional momentum, p, and
group velocity, v, vectors. Here the group velocity can
be defined as:
v =∇pE . (5)
Any three-dimensional definition of mass should converge
to the one-dimensional definition (3) for one-dimensional
particle movement and for three-dimensional isotropic
materials. However, there appears an ambiguity in
the general equation (4) due to the fact that differ-
ent anisotropic definitions of mij may lead to the same
isotropic relation (3).
Also, we seek guidance from experimental measure-
ments of the effective mass based on cyclotron resonance
since it is one of the most common methods of measuring
carrier effective mass in semiconductors. We note that in
cyclotron resonance measurements of both isotropic and
anisotropic materials, the measured carrier mass appears
as a scalar quantity [4]. Also, both mass and mass den-
sity are scalar quantities in classical mechanics.
We therefore look for a scalar definition of the effective
mass. It seems possible to use the ratio of the absolute
values of the momentum and group velocity as a scalar
three-dimensional definition of the effective mass:
m =
p
v
=
|p|
|v| =
|p|
|∇pE| . (6)
Note that the above three-dimensional expression (6)
clearly reduces to the regular one-dimensional defini-
tion (3) for isotropic materials. We anticipate that in
anisotropic materials the effective mass will be a function
of the direction of particle movement relative to the main
crystal axes. Since the particle momentum and group ve-
locity are not generally collinear in anisotropic materials,
2we expect that the effective mass will be a function of the
angle between particle velocity and momentum.
III. PARABOLIC ANISOTROPIC MASS
We would like to apply the effective mass definition
(6) to particles with a parabolic anisotropic dispersion
relation. Let us consider the electron kinetic energy in
anisotropic semiconductors, such as Si and Ge, which can
be expressed [4] as:
E =
p2x
2mx
+
p2y
2my
+
p2z
2mz
, (7)
where px, py, and pz are projections of the electron mo-
mentum on the main crystal axes, and mx, my, and mz
are positive constant coefficients corresponding to the
electron rest masses along the main crystal axes.
First, we calculate components of the group velocity
by differentiation of (7) and using (5):
vx =
px
mx
, vy =
py
my
, vz =
pz
mz
. (8)
We can write equivalently for the components of the par-
ticle momentum:
px = mxvx, py = myvy, pz = mzvz . (9)
Let us define directional cosines between particle mo-
mentum and the main crystal axes as αp, βp, and γp,
then
px = αpp, py = βpp, pz = γpp . (10)
Similarly, we can define directional cosines for the parti-
cle velocity:
vx = αvv, vy = βvv, vz = γvv , (11)
with the following auxiliary condition:
α2p + β
2
p + γ
2
p = α
2
v + β
2
v + γ
2
v = 1 . (12)
This leads to the absolute value of the group velocity:
v =
√
p2x
m2x
+
p2y
m2y
+
p2z
m2z
= p
√
α2p
m2x
+
β2p
m2y
+
γ2p
m2z
. (13)
Similarly for the absolute value of the momentum:
p =
√
m2xv
2
x +m
2
yv
2
y +m
2
zv
2
z
= v
√
m2xα
2
v +m
2
yβ
2
v +m
2
zγ
2
v . (14)
Then from (13) and (14) we obtain the parabolic effective
mass, m0, as
m0 =
p
v
=
[
α2p
m2x
+
β2p
m2y
+
γ2p
m2z
]−1/2
=
√
m2xα
2
v +m
2
yβ
2
v +m
2
zγ
2
v . (15)
As expected from the parabolic dispersion relation (7),
the effective mass (15) is not a function of energy. How-
ever, it depends on the angle between the particle mo-
mentum and crystal orientation as well as the constant
rest mass coefficients along the main crystal axes. In
isotropic materials, mx = my = mz = m0, and (15)
reduces to the one-dimensional isotropic model (3) as ex-
pected. When a particle is moving along one of the crys-
tal axes, for example p = px, py = 0, pz = 0, we obtain
from (15) that m0 = mx as expected. Thus, the model
reduces to a correct solution for one-dimensional motion
and for particles in isotropic materials (3).
Note that based on (10), (11), and (15), the following
relations hold for the directional cosines:
αv = αp
m0
mx
, βv = βp
m0
my
, γv = γp
m0
mz
. (16)
If we define the angle between particle velocity and
momentum, θ, we can calculate it from (10), (11), and
(16):
cos(θ) =
p · v
p v
= αpαv + βpβv + γpγv
=
m0
mx
α2p +
m0
my
β2p +
m0
mz
γ2p
=
mx
m0
α2v +
my
m0
β2v +
mz
m0
γ2v , (17)
where based on (12) cos(θ) is always positive. We can
see from (17) that the effective mass (15) helps to de-
fine the angle between particle momentum and velocity
in anisotropic materials. Alternatively from (17), we can
show that the effective mass depends on the angle be-
tween particle velocity and momentum:
m0 = cos(θ)
(
α2p
mx
+
β2p
my
+
γ2p
mz
)−1
=
(
mxα
2
v +myβ
2
v +mzγ
2
v
)
cos(θ)
. (18)
Therefore, we demonstrated that the electron effective
mass defined by (6), (15), and (18) depends on the di-
rection of the particle movement relative to the crystal
orientation as well as the angle between particle velocity
and momentum.
IV. NON-PARABOLIC ANISOTROPIC MASS
Next, we would like to apply the effective mass defini-
tion (4) to electrons in a non-parabolic anisotropic semi-
conductor. The non-parabolicity is typically observed
for the electron kinetic energy comparable to the semi-
conductor bandgap, EG. We use the non-parabolic dis-
persion relation based on the simplified two-band Kane
model [4], [5]:
3E +
E2
EG
=
p2x
2mx
+
p2y
2my
+
p2z
2mz
, (19)
We can solve for each component of the group velocity
by differentiating both sides of (19), resulting for example
for the x-component:
vx =
∂E
∂px
=
px
mx
(
1 +
2E
EG
)−1
. (20)
Then similar to (13), we derive for the absolute value of
the velocity:
v = p
(
1 +
2E
EG
)−1√ α2p
m2x
+
β2p
m2y
+
γ2p
m2z
. (21)
Finally, we obtain the non-parabolic anisotropic effective
mass:
m =
(
1 +
2E
EG
)
m0 , (22)
where m0 is the parabolic mass given by (15) or (18).
We can obtain a relation for the directional cosines in
non-parabolic materials, for example, for the x-direction
using (11), (13), and (20):
αv = αp
(
1 +
2E
EG
)−1
m
mx
= αp
m0
mx
. (23)
Since this is the same result as for parabolic materials
(16), the angle between velocity and momentum is the
same as in parabolic materials and given by (17).
Expressing the effective mass as a function of the angle
between velocity and momentum in non-parabolic mate-
rials, we obtain from (22) and (23):
m = cos(θ)
(
1 +
2E
EG
) (
α2p
mx
+
β2p
my
+
γ2p
mz
)−1
=
(
1 +
2E
EG
) (
mxα
2
v +myβ
2
v +mzγ
2
v
)
cos(θ)
. (24)
As we can see from (22) and (24) in non-parabolic
anisotropic materials, the electron effective mass is a
function of the crystal orientation and the angle between
particle velocity and momentum, similar to electrons in
parabolic materials. The non-parabolic effective mass is
a function of particle energy unlike the effective mass in
parabolic semiconductors.
V. COMPARISON WITH CYCLOTRON MASS
Previously we demonstrated [2] that in isotropic ma-
terials, the electron effective mass defined by (3) corre-
sponds to the measured cyclotron effective mass. The
situation is more complex in anisotropic semiconductors.
Let us consider an electron under the influence of the
constant magnetic field B. Writing Lorentz force we ob-
tain:
dp
dt
= e (v ×B). (25)
Assume that the electron follows a closed orbit in the
constant magnetic field. Then, integrated over one period
of particle motion and using the procedure similar to [4]
and [6] we can write:
p = eB
∮
v⊥dt, (26)
where v⊥ is the component of the electron velocity per-
pendicular to the magnetic field. In general, we can de-
fine the cyclotron mass based on (6) and (26) as:
m =
p
v
= eB
∮
v⊥dt
v
. (27)
For isotropic materials the particle is moving in a circle
and |v⊥| = v is a constant. Consequently, (26) is easily
integrated leading to the cyclotron effective mass:
mc ≃ eB
ωc
, (28)
where ωc is the cyclotron frequency.
In anisotropic materials, the electron trajectory is not
cirular and v and m0 are not constant during a period
of particle rotation, as can be seen from (13) and (15) .
Thus, the cyclotron mass (28) represents an approximate
average value of the effective mass defined by (6) and (27)
over one period of particle rotation.
If we define the directional cosines between the mag-
netic field B and the crystal axes as αb, βb, and γb, then
based on (6) and using a derivation from [4] we obtain
for parabolic materials:
mc = m¯0 =
[
mxmymz
α2bmx + β
2
bmy + γ
2
bmz
]1/2
, (29)
where m¯0 is the average value of the electron effective
mass over one period of cyclotron motion. The above ex-
pression was experimentally confirmed by cyclotron reso-
nance measurements in several anisotropic materials [4].
Let us assume that a constant magnetic field is applied
in z-direction and that that the electron is moving in the
xy-plane. Then, from (15) we obtain the value of the
parabolic effective mass:
m0 =
√
m2xα
2
v +m
2
yβ
2
v . (30)
Note from (30) that during particle rotation in the xy-
plane the effective mass changes between mx and my.
4The cyclotron mass given by (28) and (29) leads to a
constant effective mass:
mc =
√
mxmy . (31)
For isotropic materials with mx = my = m0, both ex-
pressions (30) and (31) lead to the same result mc = m0.
In anisotropic materials, the result of (31) is clearly not
accurate since it neglects fluctuations of the effective
mass during a period of particle rotation while (30) pro-
duces an accurate result. Thus, the cyclotron mass (31)
can be considered an approximation of (30) averaged over
one period of particle rotation.
The linear dependence of the effective mass on energy
leads to electron velocity saturation at high particle en-
ergy [3], which was demonstrated experimentally by cy-
clotron resonance measurements in non-parabolic InSb
[5].
Therefore, we demonstrated that the cyclotron mass
defined by (28) leads to a correct result in isotropic ma-
terials. However in anisotropic materials, the cyclotron
mass (28) neglects mass fluctuations over one period of
particle rotation and consequently can be considered an
approximation of the accurate anisotropic mass defined
by (6). Also, the non-parabolic effective mass depends
on particle energy as was demonstrated experimentally.
VI. CONCLUSIONS
In this work, we proposed a three-dimensional
anisotropic definition of the particle effective mass. In
our definition, the effective mass appears as a scalar
quantity dependent on the direction of particle mo-
tion relative to crystal orientation and on the angle be-
tween particle velocity and momentum. We applied the
anisotropic mass to electrons in non-parabolic materi-
als and demonstrated that the effective mass is gener-
ally a function of electron energy. We demonstrated that
the new definition reduces to the one-dimensional mass
for electrons in isotropic materials. We showed that the
anisotropic mass is compatible with the cyclotron mass in
isotropic materials, while in anisotropic materials the cy-
clotron mass can be considered an average approximation
of the more accurate anisotropic effective mass presented
here.
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